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ABSTRACT

A method is described which is used to determine numerically the
relationship between the catalytic efficiency (7 ) of a surface and the heat
transfer (7', ) through the surface in low Reynolds number flow of a partially
dissociated gas. The work is motivated by the fact that heat transfer is
easily measurable in the laboratory whereas catalytic efficiency is not. The
approach is directed towards the derivation of a relationship between 7
and the surface concentration of free atoms (¢, ); once this relationship is
known, it is used to eliminate <, {from the expression relating 2 and
1', , obtainable from energy balance and from the kinetic theory of gases.
To establish the required relationship between » and <, , a mixed
boundary value problem for the convective diffusion equation is formulated
and solved numerically using an implicit, alternating-direction iteration
procedure. The concentration of free atoms is determined not only along
the surface, but also throughout the flow field. Results are obtained for a
cylinder partially coated with a catalytic substance; they reveal the effect
of the velocity field and point out the need for better quantitative knowledge
of the low Reynolds number flow. In addition, parameter values for the

best experimental accuracy are delineated.

iii



TABLE OF CONTENTS

Section Page
FOREWORD . . . . . . . . . . . ii
ABSTRACT . . . . . . . . . . . 1ii
LIST OF SYMBOLS . . . . . . . . . v
LIST OF ILLUSTRATIONS . . . . . . . vii
INTRODUCTION . . . . . . . . . . 1

I GENERAL PROCEDURE . . . . . . . . 3
11 CONVECTIVE DIFFUSION IN THE PRESENCE OF A
CATALYTIC SURFACE . . . . . . . . 5
1. Formulation of the Problem 5
2. Method of Solution 6
2.1 Finite-difference formulation 6
2.2 Selection of iteration scheme 6
2.3 Numerical solution procedure 7
3. Velocity Field 9
111 RESULTS . . . . . . . . . . . 12
1. General . . . . . . . . . . . 12
2. Prediction of the 7 - }. Relation for Test
Conditions . . . . . . . . . 13
3. Concluding Remarks . . . . . . . . 16
REFERENCES . . . . . . . . . . 18
FIGURES . . . . . . . . . . . 20-28
APPENDIX I, CONVERGENCE ANALYSIS -- EXPLICIT
ITERATION SCHEME . . . . . Al-1

APPENDIX II. CONVERGENCE ANALYSIS -- IMPLICIT
ITERATION SCHEME , . . . . All-1

iv



4PN ¥R X XN N DO

I

8C

Lé

LIST OF SYMBOLS

Cylinder radius, cm

Atomic species concentration (mole fraction of free atoms)
Binary diffusion coefficient, crnz/sec

Heat of dissociation of diatomic gas, cal/mole
Index of radial coordinate

Maximum value of 7 (positive integer)

Index of angular coordinate

Maximum value of 7 (positive integer)

Molecular weight of diatomic species, gram/mole
Number of iteration cycle (positive integer)

Total gas pressure, dyne/cm'2 or mm Hg

Heat flux through cylinder surface, cal/cmz—sec
Universal gas constant, = 8. 314 x 107 erg/mole-°*K
Reynolds number, U, a/3

Temperature, °K

Dimensionless radial velocity component
Free-stream velocity, cm/sec

Dimensionless tangential velocity component

Catalytic efficiency of surface
Euler's constant, 0.577...
Angular coordinate, deg or rad

Increment in angular coordinate, deg or rad



LIST OF SYMBOLS (Cont)

8, Angular extent of catalytic portion of cylinder surface (see
Fig. 1), deg or rad

K Overrelaxation parameter in iteration scheme (see Eq. (AI-2))

;

bl -D (W M/R,T) /‘/a 7

¥ Dimensionless diffusivity .D/ U, a

) Kinematic viscosity, cmz/sec

e Dimensionless radial coordinate

Ap Increment in dimensionless radial coordinate

Subscripts

o At cylinder surface

o0 Remote from cylinder

Other symbols defined in text.

vi



LIST OF ILLUSTRATIONS

Geometry and Coordinate System
Convergence of Iteration Scheme

Typical Oxygen Atom Concentration Field for
Potential Flow .

Surface Concentration of Free Oxygen Atoms vs.
Catalytic Efficiency of Surface (Potential Flow)

Variation of Free Oxygen Atom Concentration Along

Surface of Cylinder in Potential Flow -- Fully Catalytic

and Partially Catalytic Surfaces

Heat Transfer Rate vs. Catalytic Efficiency for
Oxygen Recombination (Potential Flow)

Effect of Velocity Field on the 7 - ? Relationship
for Oxygen Recombination . . . .

Effect of Free-Stream Concentration, Free-Stream

Velocity, and Velocity Field on the y - }. Relationship

for Oxygen Recombination .

Heat Transfer Rate vs. Catalytic Efficiency for
Oxygen Recombinatiorn -- High Free-Stream Atom
Concentration and Velocity (Experimental Conditions
of Hartunian et al.)

vii

22

23

24

25

26

27

28



INTRODUCTION

Study of the catalytic effects of solid surfaces is desirable in order
to gain basic understanding of heterogeneous physicochemical phenomena.
It is expected that such understanding will assist in the determination of
the reaction rates for certain recombination processes. This knowledge
may be of considerable practical importance in connection with the problem
of heat transfer to aerospace vehicles: in the case of maneuverable reentry
vehicles which will spend considerable time in the atmosphere, the heat
released by the recombination of dissociated gas atoms may be a significant
(if not dominant) fraction of the total heat load experienced during reentry.

The heat shields used to protect the spacecraft from aerodynamic
heating are, in general, constructed from materials which react with the
surrounding air and thus contribute various chemical species that diffuse
through the velocity field surrounding the vehicle. The study of the distri-
bution of these species, in particular ions and electrons, is important in
connection with the problem of communication through the plasma sheath
which envelops the reentry vehicle. The method of solution developed in
Sec. II of this paper may be used to obtain a considerable amount of
information about the species distribution.

Because of the aforementioned reasons, the problem treated in this
paper has recently received considerable attention, both theoretical and
experimental. In particular, it has been pointed outl that the effects of
convective and diffusive velocities may affect the reaction rate very
strongly.

In the present approach we assume that the velocity field through
which diffusion occurs is specified beforehand, i.e., is decoupled from
the diffusion process. Our original intention was to carry out calculations
for Oseen flow around a cylinder; however, the existing explicit analytic
solution of the Oseen equations2 turned out to be unsuitable for numerical

application, Therefore, the investigation was carried out for several



velocity fields which hopefully approximate the low Reynolds number flow
near a circular cylinder. These approximations are described in Sec. II. 3,
and the effect of varying the velocity field is examined in the discussion of

the results.



I. GENERAL PROCEDURE

We base our considerations on the assumption that there exists a
unique relationship (for given flight or experimental conditions) between the
catalytic efficiency, >, of the surface and the heat flux, ? , through the surface.
(By # we shall mean the fraction of collisions between free atoms and the sur-
face which result in atom recombination.) It is clear from physical arguments
that if all other parameters of the process remain unchanged and if the velocity
field is uncoupled from chemical effects, such a functional dependence should

exist. The question, therefore, is how to find it.

Using the definition of », together with consideration from the kinetic
theory of gases, Prok3 has derived the following relationship which holds
under the assumption that all of the heat generated by the recombination

7
process enters the surface:

2;' M/AH

Pe o 1/# +?M/AH (1)

where ff is the total pressure in dynes/cmz, M is the molecular weight of

the diatomic gas, R, = 8.314 x 10 erg/mole/°K is the universal gas constant,
7 is the temperature in °K, ? is measured in cal/cmz/sec. , and AH is the
heat of dissociation of the diatomic gas in cal/mole. Unfortunately, this
expression contains the mole fraction ¢, of free atoms at the surface which,

in general, is unknown.

*In the present investigation, heat transfer rates (Figs. 6-9) have been computed using Eq. (1). Assuming a first-order
recombination reaction at the surface (Eq.(3d) ) and employing the equation of state for the gas mixture and the
definition of the diffusion coefficient, it is possible to derive the following relation involving }, ? , and £, which
is slightly different from Eq. (1):

2¢ M /aH
M
Pt oy TR,T

The latter equation is strictly consistent with the boundary condition and other basic relations mentioned

previously, whereas Prok’s equation, Eq. (1), is not (except in the limit for vanishingly small 7 ). The difference
in heat transfer rate associated with using the two different equations is relatively small for the range of values of
catalytic efficiency considered in this study, varying from zero at = 0 to a maximum of 10 percent at ¥ = 0.2.
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If, however, we assume a definite value for 7 , then we can calculate
the corresponding surface concentration £, by solving a mixed boundary value
problem for the diffusion equation with convective terms present. Performing
such calculations for various values of 7 , we obtain for each point on the
surface a graph of £, versus . This means that we will know the pairs of

corresponding values of > and ¢, and, therefore, will be able to use Eq. (1)

for plotting the relationship between g and ? from which £, has been eliminated.

We now proceed with the description of the method used to determine

the surface concentration as a function of 7 .



II, CONVECTIVE DIFFUSION IN THE PRESENCE OF A
CATALYTIC SURFACE

1, Formulation of the Problem

The nature of the mathematical problem requires that a solution be
obtained for the concentration throughout the flow field. The desired
surface concentration then consists of the value that this solution takes on
at the inner boundary.

To facilitate the presentation of the method for determination of the
concentration field, we assume a specific situation, depicted in Fig. 1: a
low-velocity, plane flow of diatomic molecules carries a given mole fraction
<, of dissociated free atoms around a cylinder whose front portion is
covered by a catalytic material; the remainder of the cylinder surface is
noncatalytic. This configuration represents a common experimental
arrangement,

The steady-state diffusion of atoms through the resulting flow field

is governed by the convective diffusion equation, which, in polar coordinates

is:
a | Jc 2
u =&+ L 22 L v
30 T p 0 (2)

where « and 4 are the radial and tangential velocity components,
respectively, made nondimensional with respect to the free-stream velocity
at infinity, U, , the radius , is made nondimensional with respect to
the cylinder radius a4 , and J 1is the nondimensional diffusivity D/U”a,
(the reciprocal of the diffusion Reynolds number), D being the binary dif-
fusion coefficient at the given pressure and temperature. The velocity
components &« and »~ are assumed known (see Sec. II, 3).

Equation (2) is supplemented with the following boundary conditions:



(). ©—<c_ as O —> oo 7293%\

2« 1 , 9< d
(b). wu 5,0 o v Sg ~>0 as P e 7 >0 20
>(3)
(c). gﬁ— = at p =l 0<£6% 6,
(d). o+,{-§7§’— =0 at o=/ Gcf_- e < j

Condition (b) was selected in preference to the simpler condition
<~ —>c, in order to account for any downstream reduction in free atom
concentration associated with surface recombination. Condition (d) with
2 . . .
A= —DG{M/ROT) /a 7 is easily shown to represent a first-order
reaction at the surface. The angle &§_ defining the extent of the catalytic

portion of the cylinder surface can have any value between 0 and 7

2. Method of Solution

2.1 Finite-difference formulation

The differential problem formulated in the previous section has
been solved by a finite-difference technique, whereby the derivative terms
in the governing differential equation and in the boundary conditions are
replaced by divided differences at discrete points ('mesh points') distri-
buted on a lattice which extends over the flow field. The resulting set of
simultaneous algebraic equations is then solved numerically. Because the
problem is a boundary value problem with boundaries at the body surface
and also remote from the body, the numerical procedure must be iterative.

2.2 Selection of iteration scheme

Many possible iteration schemes for solving the simultaneous
finite-difference equations corresponding to Eq. (2) and its boundary condi-
tions can be set forth. Here we shall distinguish two general types of
iteration scheme: explicit and implicit. In both methods, an initial guess
is made of the value of the solution at every mesh point, following which a
measure of the error associated with the guess is computed at each point.

(The error at a point is taken to be the amount by which the finite-difference



analog of the governing differential equation, Eq. (2), fails to be satisfied
at that point; this is called the residue.) In explicit schemes, the guess is
changed at each mesh point by an amount proportional to the residue at the
point; new residues are then computed and new iterates formed until every
residue is reduced to an acceptably small value. In implicit schemes, on

the other hand, a linear combination of values at specified adjacent mesh

points is changed in each iteration cycle, rather than the value at a single
point. It is evident that implicit schemes are more complicated than
explicit ones; however, the additional complexities involved are more than
compensated by the shortening of the overall computation time needed to
achieve convergence. This is true because relatively large changes in
successive iterates can be made in implicit schemes, whereas only small
changes can be made in explicit schemes--otherwise the solution will
diverge. For the present problem, the error between the initial guess and
the true solution can be reduced only by a factor of (A ,o)z/ 100 per
iteration cycle, using an explicit scheme (see Appendix I), whereas the
implicit scheme described and analyzed in Appendix II is, for all practical
purposes, unconditionally convergent and therefore requires thousands of
times fewer cycles to approach the correct value of the solution. Conse-
quently, the latter has been used in our work.

2.3 Numerical solution procedure

The implicit iteration scheme that has been selected for the
present problem is an alternating-direction type, 4 consisting of solving
successively the following two equations which constitute a finite-difference

analog of Eq. (2) (see Appendix II for details):
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where ( j , m ) denotes the point at whiéh the - and 6 -coordinates
are 7’A/o and 7A@, respectively, The superscript % is the number
of the iteration cycle, and K is the so-called overrelaxation parameter
whose value may be picked to optimize the rate of convergence of the
scheme., The velocity components « and - in general depend on 7
and 7 .

Finite-difference forms of the boundary conditions are obtained from
Eqgs. (3a-d). It should be remarked that the numerical approach used in
the solution requires that the lattice be of finite size. Therefore, finite-
difference boundary conditions corresponding to the analytic forms (3a) and
(3b) are written for P = j’A,o (where J = 7.""4& is finite) instead of
for © = oo . Finite-difference boundary conditions analogous to Egs. (3c)
and (3d) are written for 7 =0.

Solution of Eqs. (5) and (6) also necessitates prescribing conditions
(i. e., symmetry conditions) along the rays € =0 and © = o , corre-

sponding to values of 7 =0 and 7 = 7 en = M, respectively, where

M is some finite integer.

The solution of the finite-difference problem is accomplished using
the double-sweep or Gaussian elimination method; a brief summary of it
is included here for the sake of completeness. When Eq. (5) or Eq. (6) is
written for each mesh point, the resulting matrix of equations is tridiagonal.
This means that the first and the last equations, which incorporate the
boundary conditions, each contain only two unknowns. Therefore, begin-
ning at the first row of the matrix, we can reduce the number of unknowns
in every equation by one,and when the last row is reached the last equation
becomes solved. Returning now from the last row back to the first com-
pletes the solution. For more detailed description of this method, the
reader should refer to any standard text on numerical methods, e.g.,

Ref. 5,

3. Velocity Field
The considerations presented in Appendix I and Appendix II apply

rigorously only to constant velocity fields; in view of the conclusion, how-

ever, that the implicit scheme converges under all conditions when K, <4 0,



it is quite natural to use the procedure also when the coefficients are
variable.

In the present investigation we are interested in low Reynolds num-
ber flow (2 ¢ Re 4 20), which is described adequately by the Oseen
equations. 6 Unfortunately, the solution of these equations for the case of
a circular cylinderz is in the form of an infinite series which (although
absolutely convergent) converges so slowly that it is impossible to use it
in numerical work,even with the help of a large digital computer. Neither
is there available, at present, any satisfactory numerical algorithm for
the determination of low Reynolds number viscous flow around a cylinder;
therefore, this difficulty had to be circumvented by performing the compu-

tations with five different velocity distributions:

(2) wundisturbed free stream (u. = o O, W= — i g) (7)
(b) potential flow (inviscid) described by
w= (- fp*) cov6

v o= = (4 1fp?)sind

(8)

(c) approximate Oseen flow6 described by

(R +r -

/+,&U<_g;_e)_["+é <os 6
(9)
‘Re.
4”=—I+/£m(8/9+r' s O

l
lm(‘s— -+
Re r 2
where [' = Euler's constant = 0.577... and the Reynolds
number Re is defined by

Re = U, a,/f)

in which 2 is the kinematic viscosity.

10



(d) approximate Oseen flow modified to satisfy the inviscid

boundary condition exactly, i.e.,

lm(‘%'/o) + M -)

w = I+,¢~(%)_p+, <o/ G
e ]
v = < B

!+
8 ) _ 4
'&U(Re) A 2

(Note that neither approximation (c) nor (d) satisfies the
viscous boundary condition 47 = 0 except in the

p=i
limit Re—>0.)

(e) quiescent fluid ( « = 0, 2= 0).

The intent here was to assess the influence of the velocity field; it
is reasonable to expect that the correct solution lies somewhere in the
region covered by the foregoing five cases. All of the above closed form
expressions are easily programmed for use in conjunction with Eqs. (5)
and (6); it would be equally convenient to store in the computer memory

the numerical values of « and 4~ if they were available,

11



III. RESULTS

1. General

In experiments being carried out at CAL, 7 typical free-stream

conditions are on the order of U, =500 cm/sec , #, = 6 mm Hg ,

T =300°K , <, = 10-2 ; the gas is oxygen; @ = 0.2045 cm , and

9‘_ = 159®* , For such conditions we have found it to be sufficient to use,
in our computations, Ap = 10_1 , A® = /20, and to apply boundary
conditions corresponding to (3a) and (3b) at L =6 (i.e., T = fﬂ% = 60 ,
M = Moy = 20). For all iterations the initial guess was <~? =0 . For

the dimensional coefficient of diffusion of O in O2 we have used the rela-
tion D = 233. 7/-pft , where Py is the total pressure in mm Hg and D
has the units cmZ/sec. This expression (cf. Ref. 8) may be expected to

| be a good approximation for all the experimental conditions considered
here, in which the temperature does not deviate to any extent from 300°K,

Setting @, = ¥ makes < =, an exact solution of the problem
and therefore enables us to check the convergence properties and accuracy
of the scheme. Numerical experiments have shown that it is most efficient
to use two values of K : first,a large (absolute) value of about -1 forces
the solution to approach its correct value rapidly but with sizable oscilla-
tions; then, when the oscillations are centered about the true solution, ¥k
is decreased (in absolute value) to about -10—1 to damp them out. In order
to speed up the convergence process further,the average value of two
successive iterations is used as the initial guess for computation with the
second, smaller, value of K . The results of a typical trial computation
are illustrated in Fig. 2. About 30 iterations are required to reduce the
error to less than 0. 1% everywhere in the mesh; to achieve this, the time
required is about 102 hours on the IBM 7044.

Figure 3 represents a typical concentration field for a potential-
flow velocity distribution; the wake-like effect at small 6 is clearly
discernible. For the sake of neatness, this result is presented for 6, =0

{(otherwise the curves cross).

12



From a series of plots like Fig, 3 for different values of 7 we
obtain the required relationship between the surface concentration «,(6)
and 77 ; a typical result is presented in Fig. 4.

This would be sufficient to use in conjunction with Eq. (1) to obtain
the desired relationship between 7_ and 2 if it were not for the fact
that <, (@) is a strong function of @ ; Fig. 5 represents typical dis-
tributions of concentration »C/a(@) along the surfaces of fully-catalytic
and partially-catalytic cylinders. The catalytic heat transfer gauge
employed in the experiments subtends an arc of 42° (21° on either side of
the axis of symmetry, @ = ' ) and,therefore,it is not reasonable to use
any particular point value of ¢, ; instead,in our computations we have
employed the arithmetic mean of the two concentrations «,(77) and
<, (6.)

The computed results presented in Fig. 5 show a monotonic
decrease in «, towards the rear of the fully-catalytic cylinder. This
finding agrees with the drop in local heat transfer with distance downstream
from the front stagnation point of fully-catalytic cylinders observed by
Myerson in recent CAL experiments, On the other hand, for the case
where the catalytic surface extends only part way beyond the front stagna-
tion point, the computations show a rapid rise in local surface concentra-
tion in the vicinity of the edge of the catalytic surface, with <, ultimately
approaching a value close to «©_ . The part of the rise in ., which
takes place on the catalytic surface is attributable to diffusion of atoms
from the outer and downstream part of the flow. For the case at hand
(diffusion Reynolds number = 3.6), the effect on ., of the cutoff in

catalycity is noticeable all the way to the front stagnation point.

2. Prediction of the 7 - 7— Relation for Test Conditions

The overall result of the computations, giving } as a function of
7 , is shown in Fig. 6. (For convenience, Eq. (1) is incorporated into
the program so that it is not necessary to examine the intermediate steps
represented by Figs. 4 and 5; the machine output consists of the final Fig. 6
in tabular form.) The curves of Fig., 6 were computed for the two cases

€. = 7 [60(71’) + 00(9‘)] (solid line) and ., = <, (%) (dashed line);

13



in each case a potential velocity distribution was employed. The values of
a |, Uy y Lo o, T, 7b't , and 6, which were used are listed
on the graph; these values correspond with values in CAL experiments
currently being conducted. Thus, these results constitute a relationship
predicted to exist under the specific test conditions, assuming that the
convective flow is adequately represented by the postulated potential velo-
city field.

In order to estimate the effects of different velocity fields, Fig, 7
was prepared, for which the computations were carried out with
U, =150cm/sec and 6, =0 . The relatively small value of U, was
used because the approximate expressions for viscous flow description
are considerably more accurate at lower Reynolds numbers. From Fig, 7
we see that the effect of the velocity distribution on the calculated heat
transfer may be as much as 50%,although with reasonable approximate
velocity distributions it is unlikely to exceed 20%; this conclusion agrees
well with the same estimate arrived at analytically by Hartunian and his
coworkers. 9 The different velocity fields used in the preparation of Fig. 7
are those listed in Sec. II-3,

Additional computations of this type with a higher free-stream
velocity of U, =593 cm/sec presented in Fig. 8 reveal that the sensi-
tivity of the computed heat transfer to the type of velocity distribution used
in the computation increases rapidly with increasing free-stream velocity
(cf. Fig. 7). It is also seen that at the stated free-stream velocity of
593 cm/sec,the heat transfer is about the same for potential flow and modi-
fied Oseen flow, which have different velocity fields,but which satisfy the
same inviscid boundary condition 4 = 0

Attempts to use results presented in Figs. 6, 7 and 8 disclose the
fact that in the range of interest, 0.1 € 7 ¢ 0.2, the curves have shallow
slopes, which means that a small error in the determination of the heat
transfer } leads to a large error in 2 . (These curves are ideally
suited for the inverse problem; i.e., for a given 7 determine the heat
transfer ? .) The shallowness of the slopes also implies that for a

given ; , the corresponding computed value of 7 is very sensitive to

14



the velocity distribution. In order to determine more favorable conditions,
we have performed calculations for different free-stream concentration
c~,, , velocity U, , and pressure #,

The top two curves in Fig. 8 illustrate the change obtained by
increasing < to 3.5x 107% and U, to 5930 cm/sec. We see that the
increase in the free-stream concentration translates the relevant curve
upward without noticeably affecting its slope, a result which is expected
because of the linearity of the problem. A tenfold increase in the free-
stream velocity produces noticeable but still small increase in the slope.

Figure 9 shows curves which are very favorable for the purposes
of this paper and for experiments: both the magnitude of the heat transfer
and the slopes of the % vs. 7 curves are large, leading to relatively
greater accuracy in experimental measurements of ¢, as well as higher
certainty in the determination of 7 . These curves are obtained by
using not only high free-stream velocity and concentration,but also a very
low pressure,as indicated on the figure. These conditions correspond to
experiments and the supporting analysis reported by Hartunian and
coworkers;9 the solid curve in Fig. 9 corresponds to their apparatus,
which consists of a fully-catalytic cylinder, and the dotted line is the
corresponding result when only the heat transfer gauge is overlaid with
catalytic material and the remaining cylinder surface is noncatalytic. The
difference is seen to be very slight.

Hartunian's analysis is devised so as to yield not only the catalytic
efficiency 7, but also the effective binary diffusion coefficient D which,
in general, is found to differ from the value used in our work that we
consider to be well established (see Refs, 8 and 10), Therefore, a direct
comparison between the results of Hartunian et al. and our present find-
ings is not possible; nevertheless, in spite of this and other uncertainties,
the actual values of » obtained agree reasonably well.

In summary, thus, the computations indicate that experiments of
the type considered in this paper with the configuration as shown in Fig. 1,
should be performed at as low a pressure and with as high a free-stream

velocity as other constraints will allow.
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3. Concluding Remarks

It has been demonstrated that the double sweep, alternating direc-
tion, implicit iteration procedure is a very efficient and powerful method
for solving the convective diffusion equation with arbitrary boundary con-~
ditions. The program can be coupled easily to the necessary physico-
chemical calculations to establish the relationship between the heat
transfer and catalytic efficiency of the surface. The computations have
disclosed that the result is sensitive to the velocity distribution, espec-
ially at Reynolds numbers higher than 3 or 4. Thus, further work on
this problem, employing more realistic velocity distributions, is required.

A second possible refinement of the present work is the inclusion
of a linear or quadratic source term in the convective diffusion equation
to represent electron depletion or the two~body gas phase recombination
processes, respectively. In view of the remarkable power of the finite
difference scheme employed here, it is reasonable to expect that it will
continue to work satisfactorily for those cases also. This expectation is
supported by results of a recent theoretical investigation dealing with the
application of the alternating-direction method to the diffusion equation
with a source term. 1 Although convection was not included in the analysis
of Ref. 11, the results of that work,together with the findings of our
present study,suggest that the application of the alternating-direction
scheme to the problem of convective diffusion with a source may be suc-
cessfully carried out without much difficulty.

The natural extension of the work described in this paper would be
application to three-dimensional problems such as, for example, the
diffusion of electrons in the plasma sheath surrounding the Apollo vehicle
reentering the atmosphere at an angle of attack.,. Present-day computers
do not have sufficiently large memory capacity to handle this problem;
however, such big computers will become available within the next year
and,therefore,three-dimensional diffusion problems have been receiving
considerable attention in the recent literature.

A problem which is very well suited to the application of the
method presented here, as well as being of interest from an experimental

viewpoint, is the case of viscous laminar plane flow over a flat plate

16



(with a portion of the plate surface catalytically active). The chief
advantage of this configuration is that the velocity components are known
accurately and can be readily expressed numerically, in contrast to the
case of flow past a cylinder. Furthermore, a Cartesian finite-difference
mesh rather than a polar grid is appropriate to the flat-plate problem,

and this lends itself to a more satisfactory prescription of boundary condi-
tions remote from the surface. Experimentally, the flat-plate configura-
tion should offer no disadvantage compared with the cylinder. For these
reasons, it is felt that this problem is a very appropriate one for

investigation.
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APPENDIX 1

CONVERGENCE ANALYSIS -- EXPLICIT ITERATION SCHEME

In this first Appendix we shall describe an explicit iteration proce-
dure and determine its limitations. For convenience, the discussion here
and in Appendix Il will be presented in the Cartesian coordinates.

With the notation

<, = ﬁ ‘zc,(/;c rAx) — /O(/%)]

>

z :A_lzz_ Eo(¢)— »o(/z—A%)]

<~
k4

>

/ [
z — lc(x+Ax)- < »z—A«,]
A [epran)-< s
the finite-difference analog of Eq. (2) (in Cartesian coordinates) is:

«w (7',7)1) < (7.’ m) + 4,.(7-, ) »o?'; (> m)
(AI-1)

= ) l}’zi(f’m)"' .cyi(j’”?)]

where (?' , m ) denotes the point at which the - and 7-coordinates are
jA 4 and m Ay, respectively,

An explicit iteration procedure for the determination of the function
< which would satisfy (AI-1) can be represented as follows:

+1) (n) (n)
< =< "—KRc (AI-2)

where K is the relaxation parameter, the index 7% is the number of the

iteration cycle, and R denotes the residue operator defined by

Ex_ = UoA +/u’o§ - 9(’°¢.2 + 077_)

Clearly the condition for convergence is:

n+1) (n)

< <

(AI-3)

‘E’,c

AI-1



In order to relate requirement (AlI-3) to conditions on the mesh size, on

K andon » we shall employ the von Neumann stability analysis.

Setting
gy = 7% e (AI-4)
and substituting into (AI-2) we obtain:
S m = (-4 E) <Pz m) (AL-5)

where F calculated explicitly is:

ladx u ] ~ixdx u )
Fee [ZA»;c Ty | € [ZAM +(A¢)‘]
L,JAV i _ EY) _ 'LﬂA‘y ™ » (AI"6)
te [2,47 (& '7){] < [’ZA?« * (A'y)z]

Y S)
v 2 [(Ax)‘ * (Ay)‘]

At this point we must, in order to make further progress, assume

that F is independent of 4 and = , i.e., impose the restriction that
@ and 2~ are constants. Then

(n+1) )

R = (-kF)R"

and condition (AI-3) reduces to
|1-gF| 21 (AI-7)

for all « and & .
Denoting the real part of F by 23)3- and the imaginary part by
4, where

R Y

AI-2



and

4. - l:_A_‘;_ i (AR + A_’; m(,aAy)]

requirement (AI-7) becomes:

04k ¢ 4 ﬂ?f/(4 )‘7’+}J) (AI-8)

Now it is clear that the most favorable situation (the largest allow-
able value of K ) obtains for &L z+~ =0 (A,-_; 0) and that then (AI-8)
reduces to:

/

2y * By |

0<k &
¢ (AI-9)

It is known that such a small value of the relaxation parameter fg
requires an excessively large number of iteration cycles before the initial
guess is brought sufficiently close to the true solution. For example, if

A% = Ay , then from (AI-9)

S (A¢)1/4z) (AI-10)

and since it is not uncommon for » to be about 20 or 30 in physical
applications ( ¥ being the nondimensional diffusivity), each iteration cycle
can reduce the error only by the factor (A t)VIOO

Al-3



APPENDIX II

CONVERGENCE ANALYSIS -- IMPLICIT ITERATION SCHEME

The conclusion of Appendix I makes it necessary to use an implicit
iteration procedure. From the results known for the Laplace equation, 4
the most natural scheme to try is the alternating-direction method.

For the finite-difference equation (AI-1),this algorithm is given by:

(z2n+1) (2n) @nel) Gnet) (27) (zn)
<. = £ rE Lep -i +ren =

A 7 A 47
(AII-1)
Gn+2) (an+) (2n+i) (2n+l) (2n+2) 2a+2)
cf»”’ = ,c,’.,_m +If u.ci —I’»O%Z_ +/z/",o?\ - .c,??-

For convenience,we introduce the following notation:

f‘:-'—aA%—ﬁ

2
i:--%qu—a)
t:-‘é—ﬂ)‘A?«—z)

= L -
A= ZMAf b

Since (AII-1) is linear, the error € satisfies the same equation as <

itself; with the above notation,the equations for the error are:

(2n+l) (27) K @ n+1) (an+l) (2n+1)
&

j’m = 57'»7’( +(A¢)3 rej4_l,m + zyéj)m + 'L E;l-l,m
K 2 n) (2n) @n)
+(A7)l téj’m*’ + zye?-’m +-j'£",m-l
(AII-2)
(2n+2) (2n+1) K (Zn+t) (2 n+t) (z2n+t)
E)-,m = Ej’m +(A¢)z rf).ﬂ’m + 2)81',7” + 26’,_"7"

@n+2) (an+2) (2n+2)
+(A~j)" tgj:mfl + uel"m +’8'E;':"l-/
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(n) Lxx KAy 7n
E:i:’" = € c (AII-3)

and substituting it into (AII-2) we obtain

@n+r) K (z2n) K
Eim L"WA] = Gim [’ "y 5]

(an+2) | K (27 +0) K
S B] = Ejm [’*(Aw A]

where

(AII-4)

AAx -Ldx

A=re +2v+ Le

<pAy ~ipoy

B=te +2) +4e

Relevant to stability is the error growth in one cycle, that is, in
two sweeps of the mesh (one in each direction). The stability condition is,

therefore

(2n+2)

Em |
(2#) - (AII"‘S)
ik

Using (AIl-4) in (AII-5) we obtain

IwH{A/&ac)z H-of,B/(Ayf)2
1 -xAf(sn)" I--A[B/(Ay)1

IN

(AII-6)

A sufficient condition for the above inequality to hold is that each

factor be less than unity.
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Since the linear fractional transformation

I+ 2
S = T-%

maps (conformally) the left half-plane onto the unit disc and A and B are
complex numbers, (AIl-6) will be satisfied if Re {,z A/(A,J} 40 and
Re{'{ B/(Ay)z} <0 .

Substituting here the definitions of A, B, r , £, ¢ , and 4, we

find that the scheme is stable for all mesh sizes if ¥ < 0
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